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Abstract 



We consider the formal non relativistc limit (nrl) of the : (j)'^ is+i relativistic quantum field 
theory (rqft), where s is the space dimension. Following work of R. Jackiw, we show that, 
Q>^ ' for s — 2 and a given value of the ultraviolet cutoff k, there are two ways to perform the nrl: 

l/^ I i.) fixing the renormalized mass equal to the bare mass ttiq; ii.) keeping the renormalized 

' mass fixed and different from the bare mass rriQ. In the (infinite- volume) two-particle sector 

the scattering amplitude tends to zero as k oo in case i.) and, in case ii.), there is a bound 
state, indicating that the interaction potential is attractive. As a consequence, stability of 
I matter fails for our boson system. We discuss why both alternatives do not reproduce the 

low-energy behaviour of the full rqft. The singular nature of the nrl is also nicely illustrated 
for s = 1 by a rigorous stability/instability result of a different nature. 



; 1 Introduction and Summary 

The most fundamental approach to nonrelativistic quantum mechanics is to view it as an 
effective theory which emerges from relativistic quantum field theory in case the initial con- 
is^ " ditions place the experimental setup in the low energy region, where both theories should 
. give identical predictions concerning the expectation values of observable quantities like lo- 
' cal energy densities or scattering cross-sections. Given a relativistic quantum field theory 
(rqft), the non-relativistic limit (nrl), i.e., the formal limit c — s- cx), is used to identify the 
corresponding non-relativistic theory. In spite of the conceptual importance of this topic, 
very few papers have been devoted to the rigorous study of the non-relativistc limit: the 
classic paper of Hunziker on the nrl of the Dirac equation [1], and Dimock's proof of the nrl 
of the : (j)'^ :2-theory in the two-particle sector [2]. 

In this paper we address the problem of thermodynamic stability in the formal nrl of 
some relativistic quantum field theories, as well as other related issues concerning qualitative 
differences between relativistic vacua and the ground states of the non-relativistic many 
particle systems. 

In Section 2 necessary notation and definitions pertaining to the : (f)'^ :s_|_i theories and 
their formal nrl are introduced. 
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Following work of R. Jackiw [3], we then show in Section 3 that, for s = 2, and a 
given value of the ultraviolet cutoff k, there are two ways to perform the nrl: i.) fixing 
the rcnormalizcd mass equal to the bare mass and ii.) keeping the rcnormalizcd mass 
different from the bare mass, i.e., rn^ = ttiq. In the (infinite-volume) two-particle sector the 
scattering amplitude tends to zero as «; — > oo in case i.) and, in case ii.), there is a bound 
state, indicating that the interaction potential is attractive. As a consequence, stability of 
matter fails for our boson system. We discuss why both alternatives do not reproduce the 
low energy behavior of the full relativistic theory. 

R. Jackiw [3] treated the problem by the method of the self-adjoint extension, but did not 
attempt to identify the free parameter occurring there with the physical parameters of the 
full relativistic theory. We complete his work by showing that, in case ii.), the existence of a 
bound state follows from the two-body interaction Hamiltonian obtained in the formal nrl, 
and that the rcnormalizcd mass of the full theory is uniquely related to the free parameter 
determining the bound state in the nrl. Case i.) has been considered previously by Beg 
and Furlong [4] and K. Huang [5]. The singular nature of the nrl is also nicely illustrated 
in Section 4 by a rigorous stability/instability result, now for s = 1, namely, that complete 
semi-passivity (a notion introduced in [6]), which is equivalent to the stability of the vacuum 
in the presence of an observer in uniform motion to the vacuum's reference system, holds in 
rqft but is violated by the nrl. Section 5 is devoted to a conclusion and open problems. 



2 The (: 0^ theories and their formal nrl 

The relativistic : 0^ '.g+i model Consider the Hamiltonian of a self-interacting scalar 
field of bare mass mo in s space dimensions, confined to a box of sides / = (Zi, . . . , Zg) and 
ultraviolet cutoff k (see [7] [8]) (the supscript rel. stands for 'relativistic'): 

(2.1) Hlf=Hf-+V{;^: 
As usual, Hq^^- is the kinetic energy operator 

(2.2) Hf- = j d'p a*{p)u,{p)a{p), 

where a{p), a*{p ) are standard annihilation and creation operators on the symmetric Fock 
space J^{H) over H = i^(]R*,d*x) satisfying (formally) 

[a{p),a*{p')]=6{p-p'), 

and 

(2.3) Lu,{p) = {p^c^+mlc^y/\ 

Let 4>c,K denote the (time-zero) scalar field of mass mo with a sharp ultraviolet cutoff k: 

(2.4) ,^,,«(f) = (27r)-«/^c / % ^-''H^*iP) + i = l,...,s. 
The interaction is 



(2.5) y^-'- = Ao / d«f : : + {5m^f j d« 

J\xi\<l/2 J\xi\<l/2 



^1,1^ Z = 1,...,S, 



(+ eventual renormalization counterterms). The term (dnxn)^ is a mass renormalization 
counterterm ([7] [8]), and the 'other renormalization counterterms' are best described, in our 
context, by Theorem 2.4 and Theorem 2.5 of [9] and the references given there. These terms 
will not play any role in our considerations. 
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Let Ei'^^- denote the infimum of the spectrum of on J^{H), corresponding to the 

energy of the 'interacting vacuum'. In order that the energy > — oo we chose 

(2.6) Ao > 

in (2.5). Above, ": . :" denotes Wick ordering w.r.t. the Fock vacuum. 

For s = 1 the ultraviolet limit can be removed without changing the representation [10]: 
The limit 

(2.7) lim Hlf''=^ =: Hf ''=^ 

exists in the strong resolvent sense, and defines an essentially self-adjoint unbounded operator 
'•'''=^ on the Fock space JF(7i), which is bounded from below. 

We define thermodynamic stability as follows. 

Definition 2.1 The theory defined by (2.1) is thermodynamically stable if 30 < Crei. < oo 

such that 

(2.8) > -Crei. ^^ K fixed. 

Here (respectively, El^'^^''''~^ ) denotes the infimum of the spectrum o/ (re- 

spectively, Hl^l^'''~^ ) on J^{(H), corresponding to the 'interacting vacuum'. 

The above property is a property of the vacuum state, but it is a necessary condition for 
the existence of the thermodynamic functions also for nonzero temperature, i.e., in thermal 
field theory [11], for the same reason that stability of non-relativistic n-particle systems (the 
forthcoming Definition 2) is a necessary condition for the existence of the thermodynamic 
limit (see [3], p. 62). 

The formal non-relativistic Hamiltonian Take now in (2.5) periodic b.c. on a 
segment (s=l) (resp. a square (s=2)) of length (resp. side) I, denoted by A;. By (2.2) and 
(2.5) taking the thermodynamic limit Z — > oo in the (5m -term in (2.5) we obtain an 
effective kinetic energy 

(2.9) Ho := / A'pa*{p)io,{p)a{p) 



with 

(2.10) a;c(p) = (pV+mV)V2. 
Here 

(2.11) := ml + {5m^f 

is the renormalizcd mass. We shall assume that (2.9) — (2.11) are valid for k and I sufficiently 
large, with m (close to) a fixed positive value, the 'observed particle mass'. Thus, the 
Hamiltonian (2.1) may be written 

(2-12) Hf^'' := Ho + Vi,^, 

where 

(2.13) V/,re := Ao / d*x : 0* ^ : + (other renormalization counterterms) . 

J\xi\<l/2 

By (2.10), as c ^ oo, we have 

(2.14) Cocip) = + + 0(c-2). 
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Let 

(2.15) J '^'P"'*iPHP) 

denote the number operator. We denote by n — 0,1,2,..., its eigenvalues, whose corre- 
sponding eigenspaces are the n-particle sectors. We note that for s = 2 the ultraviolet 
renormalization involves a change of representation and the Fock space number operator is 
no longer appropriate. We will avoid this problem by keeping the UV cutoff k in case s = 2. 

By (2.9), (2.12) and (2.14), there exists in the limit c — > oo an infinite 'Zitterbewegung' 
term N ■ mc^ . If we keep c fixed in this term, the Zitterbewegung term guarantees that the 
energy-momentum spectrum of the non-relativistic theory lies inside the relativistic forward 
light cone, if stability of matter holds with a sufficiently small constant. In other words, the 
nrl satisfies the relativistic spectrum condition. 

Since the Zitterbewegung term (with c = 1) is constant for fixed particle number, it is 
usually ignored (this formal subtraction being part of the limiting prescription). We thereby 
obtain from (2.4), (2.12), (2.13) and (2.14), in the formal limit c oo, the non-relativistic 
many-body Hamiltonian 



^_j-n.-rel., s 

(2.16) 



=/dVa*(p)|;,a*(p)- 



Here 6^^ is the 'regularized' delta function whose Fourier transform S^^ acts on L^(IR*, d^fc ) 
by 

(2.17) {Si^^f){k)= J x.ipmk-p)x.{k)m, f € L^TR\d^k), 
with 

(2.18) x„ (g ) = XK(ai)XK(a2) • • ■ Xk(9s) 
for q = {qi, ...,qa) and 

(2-19) ^'^(^) = { ; olh'erwi. 

This is a consequence of the sharp momentum cutoff in (2.5). In (2.16), the factor | = | 
arises from the number of ways of getting two creators and two annihilators in the Wick 
product (2.5). 

Remark 2.1 It is remarkable that Dimock [2] showed convergence of the two-particle 
scattering amplitude of the rqft for s = 1 to the corresponding object for the ^i5(a;) potential 

in the case n = 2 (specializing the more general theorem of [2] to our case). We assume 
that convergence also holds for general n as conjectured in [2] (Concluding Remark 2). In 
correspondence to (2.16) we also assume convergence of the rqft (2.12) for ,s = 2 to the 
nonrelativistic theory (2.16) in the same sense described in [2] but only for k smaller than 
infinity (the limit k tending to infinity is subtle, see [18]). The terms with particle creation 
and destruction (including the vacuum polarization term) do not automatically drop from 
(2.12), (2.13) in the formal (nrl), but Dimock's work leads us to expect (and assume) that 
they are absent. The other renormalization counterterms in (2.13) yield (for < k < oo) 
constants, as c ^ oo, which do not affect the discussion of thermodynamic stability (see [9], 
Theorem 2.4 and 2.5, and Theorem 6.2). We shall thus ignore them henceforth. 

The formal limit (2.16) commutes with the number operator N and thus leaves each n- 
particle sector (where n = 0, 1, . . . , is an eigenvalue of N) invariant. The Hamiltonian (2.16) 
corresponds to the two-body Hamiltonian 

(2.20) ^n.-i..= = __LA + yW, 
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where A is the Laplacian, 

(2.21) V^^^:='^6lfH^), 

and 5^k'' is given by (2.17). 

We shall consider (as in [2], for s = 1 and k = cxd) the above Hamiltonian in infinite space, 
i.e., as an operator on L^(]R*). The corresponding Hamiltonian restricted to the n-particle 
sector is 

n 

(2.22) H-''''^ = -—Y,^i+ E 
on L2(]r«"). 

Next we consider a notion of stability which usually is referred to as "stability of matter" . 

Definition 2.2 Let E^'^"^-' " denote the infimum of i?^-;^"' '" in the n-particle sector. The 
non-relativistic Hamiltonian H'^-^^"^''' is stable if 30 < Cn..rei., k < oo such that 

(2.23) = > -Cn..,ei.,. n Vn e IN. 

It is important to remark that, formally, the density p = j; corresponding to the nonrel- 
ativistic Hamiltonian if^-^"' ' " is zero (in Ref. [2], for instance, s = 1; n = 2 and I = oo). For 
s = 1 and K = oo we have that (2.22) becomes 

(2.24) ^,;;r..=.=-J-f;^ + ^ 2 

1=1 ' " l<z<]<n 

The above formal expression (2.24) may be made precise in a standard way (Example X.3 of 
[13]). Taking, however, (2.24) with periodic b.c. on a segment of length I the corresponding 
quantity too may be defined for arbitrary n € IN as in [14] and in this case one branch 
of the correponding elementary excitations of momentum p is, in the hard core case, (see 
[15] Part H, Equ. (2.8), p. 1618) 

ei(p) =/ + 27rp|p| (2m =1); 

this agrees with the free case (only) ii p = 0. 

All this makes it clear that there is a certain weak point in our comparison: the relativistic 
neutral scalar : : models do not allow us to vary the particle density independently from 
the temperature. Thus it would be interesting to investigate the non-relativistic limit of 
charged sectors in the : (f>(j> model, where the charge (density) can be kept constant. 

The definition of the regularized delta function (2.17) does not make the (in)stability 
properties of the corresponding two-body potential explicit: for that purpose, it is judicious 
to search a representation in configuration space. We present two versions of the two-body 
potential in infinite volume. 

The lattice approximation in infinite volume Let := [— ^, ^]^ denote the first 

Brillouin zone of an (infinite) lattice of spacing e along the coordinate axes. The (lattice- 
cutoff) Hilbert space is He ■= ^^(2**). On He we define the Hamiltonian corresponding 
to (2.16) in the 2-particle sector. Separating the center of mass Hamiltonian, the Hamiltonian 
in relative coordinates is 

(2.25) He := Ho,e + K , 
where 

(2.26) {Ho,e'^){k)=Ee{k)^{k) 
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with 

2 

(2.27) E^{k) = e-^^{l- cos eki), k={ki,k2), 

i=l 

and 

(2.28) (F,*)(fc) = ^ / d'k m- 

Note that (2.28) corresponds precisely to (2.16) and (2.17) on the lattice, with 

(2.29) K = n/e. 

The square-well regularization We replace in (2.28) by the potential 

(2.30) F^(f):=^$^(x) 

where 

(2.31) $'(f) :=Xe(|xi-f,|)| 
and 

(2.32) ..(K --.■!) = { I "„a;,il-^' 

We shall identify k in (2.22) with (2.29) also for (2.30). This is true (up to a multiplicative 
factor), see ((3. 35), (3. 40) and the remark thereafter in Ref. [3]). This assertion means that 
bound state energies and scattering amplitudes agree in both models (see also Ref. [16]). In 
the following, wc shall thus feel free to use the square-well regularization as a prototype to 
prove our main results. 



3 The formal nrl for s = 2 

Consider the two-body Hamiltonian (2.20). If < k < oo, the nrl may be performed in 

two ways: i.) by insisting that the mass rcnormalization constant ((Jm^)^ = in (2.11), 
i.e., = mg; ii.) by fixing the physical mass in (2.11), i.e., (Jw^)^ ^ oo for k ^ oo. 
Accordingly we have the following result. 

Proposition 3.1 In case i.) the scattering amplitude for (2.20) tends to zero as k ^ oo. 
In case ii.) there exists kq such that, if kq < k < oo, there exists a bound state, the coupling 
constant is negative and (thus) the corresponding bosonic Hamiltonian (2.22) is unstable 
according to Definition 2.2. 

Proof. In case i.), by (2.11) and (2.21), the scattering solutions / corresponding to the 
potential in (2.17) in the two-particle sector satisfy the Lippman-Schwinger equation (we 
choose an informal presentation following closely [3] in order to avoid unnecessary techni- 
calities, but the results agree completely with those in Chapter 1.5 of [17], obtained by the 
method of self-adjoint extensions). We start from the Schrodinger equation: 

1 o \ 

(3.33) 2^,^^'-''^^^^^ = -^''^^'^^ 

where 

(3.34) V(/,«):=/ 
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and 

P 

(3.35) - — = E>0 

2too 

is the energy of the scattered particles. From (3.33) we get the Lippman-Schwinger equation 

(3.36) f{p) = i2nf 5{p- k) - , ^V(/, k) . 

By (3.36) the scattering ampHtude is proportional to ^V(/, k). Integrating (3.36) over the 
region \pi\ < k, i = 1,2, we get for \ki\ < k, i = 1,2 

(3.37) / -S^m = z^) = 1 - 2I(-fc' - ie)^V(/, k) 

with 

(3.38) I(z) ' ^ 



p-i|<«;i=l,2 (27r)V^ + ^" 
If some \ki\ > k, i = 1,2 the 1 on the r.h.s. is absent in (3.37). Equivalently 

(3.39) 2:^v(/,«) = (-^^ + 2I(-P-ie)) , for < z = 1, 2. 

We have, asymptotically for large k, (using condition \p \ < k in (3.38) instead of \p \ < k, 

1 = 1,2): 

(3.40) I(z) = -^ln-'^ 



477 Z 



and thus, from (3.39), 



(3.41) ^V(/, K) = ( + iln ^ - iln M + ^ 



where is a renormalization point. Since, from (3.36), ^■V(/,k) is the scattering ampli- 
tude, we have from (3.41) that it tends to zero as k — > oo, which is the first result. This 
observation is already contained in [3] , [4] and [5] . 

Concerning ii.) we also follow [3] but, instead of appealing to the method of self-adjoint 
extension with a free parameter we use (2.20), replacing, however, ttIq in the denominator of 
(2.21) by equation (2.11) 

(3.42) mo = - Sml 
with fixed. By [7] [8] 

(3.43) 5ml = O ( In - 



K 



(i.e., lim^^oo^ = c > 0). By (3.42) and (3.43), with (2.29)-(2.32), the Hamiltonian 
(2.20) tends, in the norm resolvent sense, to a self-adjoint point interaction Hamiltonian 

as e — ^ (or k oo), the "(5(^^(.t)" with the precise properties which we shall now use, 
following [3] ([17], Chapter 1.5, (5.47) and Theorem 5.5). These properties are equivalent to 
the following "field theoretic" language [3]: taking the "bare coupling" (here of the formal 
nrl, i.e., the coupling ) to be cutoff-dependent, we may now introduce a "rcnormalized 

coupling contant g" (again of the nonrelativistic theory) in terms of which (3.41) may be 
written 

3^0,.,? X /I 1, |fc| ie' 



(3.44) :^V(/,.) = (i-iln^ 



2 
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which is finite and well-defined, provided the factor 1/^- absorbs by definition the cutoff 
dependence [3]: 

(3.45) '- = ^ + hn^. 

From here we proceed as in [3], but for the benefit of the reader, we summarize the main 
steps. Write the Lippman-Schwinger equation (3.36) in configuration space (see also [17], 
Chapter 1.5): 

(3.46) fix) = e''^- - ^Gfe(|f|)V(/,Ac) 
where Gfc(|x|) is the Green's function appropriate to two dimensions, 

(3.47) (-A-fc2)G,(|x|) =(5(2)(x), 
and, thus, 

gi(|fc| |5|+7r/4) 

(3.48) Gk{\x\) ^ for \x\ oo. 

From 



2j2i,\k\ \x\ 



f{x) ~ e'*^^ + ^=f(6»)e*(l'=ll^l+'^/4) 



(3.46), and (3.48) we obtain 

(3.49) f(^) = -^^V(/,.)=-^ fi-ilnM + ^' 



and thus only s-wave scattering takes place with phase shift 5o such that cot 5o = — |; 

it may also be seen [3] alternatively to 5, that one may fix a bound state energy B [E = —B) 
such that 

with 

(3.51) ^/2B = /xc"/». 

By (2.21), (3.42) and (3.43) wc see that the point-interaction in two space dimensions is 
always attractive (for fixed < < 00 and k, sufficiently large), and thus, since there are 
no additional repulsive interactions (no "hard core"), the hamiltonian is unstable according 
to the Definition 2.2 by standard arguments ([18], p. 62). Wc expect that the Hamiltonian 
converges in norm-resolvent sense to the n-body interaction Hamiltonian defined in [18], 
which is also unstable according to Definition 2.2. Finally, (2.11) and (3.43), may be 
identified with (i), and is, thus, not surprisingly, the free parameter of the full (relativistic) 
theory which occurs in the method of self-adjoint extension (see [17] [3]). Thus we see that g 
must be chosen positive, which is not an a priori consequence of (3.51). This completes the 
proof of Proposition 3.1. 

Remark 3.1 Alternative i.) corresponds to setting 5m\ = by (2.11). It may be argued 
that the mass counterterm is created solely to cancel diagrams in which the particle number 
changes (see [7]) and since the latter terms are expected to vanish in the nrl, it would be 
consistent to require assumption i.). On the other hand. Proposition 3.1 shows that one 
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thereby obtains zero scattering amplitude in the formal nrl, which does not correspond to 
the low-energy behavior of the full theory, which is nontrivial ([7] [8]). 

Alternatively ii.) corresponds to the principle that although the fimction of the mass 
term is to cancel particle-changing diagrams which do not appear in the nrl, it also fixes 
the physical parameters of the full (: (f)^ :)3 theory (i.e., with all the terms, including those 
changing particle numbers), and thus must be kept fixed upon performing the formal nrl. 
We see this clearly from the fact that the (Jm^-term contributes t o the free (kinetic) energy, 
yielding the renormalized mass m. In fact, it is not y/p^c? + jtiqC^ that is expanded to obtain 
the nonrclativistic kinetic energy, but ^Jp'^c^ + m?c^ = mc^ + ^ + 0(c^^), see (2.14). In 
other words, it is particles with mass m that scatter, also in the nonrclativistic limit! This 
is also the basis of Bethe's nonrelativistic treatment of the Lamb shift [19]. Finally, the 
^m^-term in (2.5) also contains particle conserving terms. 

Although the above arguments favor, in our opinion, assumption ii.), the latter also yields 
a result in complete disagreement with the low-energy behavior of the full theory. Indeed the 
rqft is stable according to Definition 2.1 (a consequence of Nelson's symmetry, see, e.g., [9]). 
The interaction is expected to be of purely repulsive character, and in particular no bound 
states are expected to exist in the full rqft [20] . Although the latter reference pertains to the 
case s = 1, the methods used ,in particular, Lcbowitz's inequality, should be applicable to 
show the same assertion for s = 2. We comment further on the above mentioned disagreement 
in the last section. 

Eliminating the "Zittcrbcwcgung" term already accounts for the singular nature of the 
nrl, which is responsible for instability results of a different nature, which we now examine. 

4 Passivity and Local Thermodynamic Stability 

Let us consider a C*-dynamical system, consisting of a C*-algebra A and a one-parameter 
group of automorphisms {rt}tg]R. When the time-evolution t i— > e Aut{A) is changed 
by a local perturbation, which is slowly switched on and slowly switched off again, then an 
equilibrium state returns to its original form at the end of this procedure. This heuristic 
condition of adiabatic invariance can be expressed by the stability requirement 

(4.52) lim / dt(j([a,Tt(b)]) =0 \/a,b € A. 

In a pioniering work Haag, Kastlcr and Trycli-Pohlmeycr [21] showed that the characteri- 
zation (4.52) of an equilibrium state leads to a sharp mathematical criterion, first encoun- 
tered by Haag, Hugenholtz and Winnink [22] and more implicitly by Kubo [23], Martin and 

Schwingcr [24]: 

Definition A.l A state iv/s over a C* -algebra A is called a KMS state for some P > 0, if 
for all a,b G A, there exists a function Fa,b which is continuous in the strip < ?sz < p and 
analytic and bounded in the open strip < < p, with boundary values given by 

Fa,b{t) = u;i3{aTt{b)) and F^^^it + ip) = oj0{Tt{b)a) Vi e IR. 

The amount of work a cycle can perform when applied to a moving thermodynamic 
equilibrium state is bounded by the amount of work an ideal windmill or turbine could 
perform; this property is called semi-passivity [6] : A state w is called semi-passive (passive) 
if there is an 'efficiency bound' E > {E = 0) such that 

-{wn^,H^wn^) < E ■ {wn^,\p^\wn^) 



9 



for all unitary elements W G TTuiiA)", which satisfy 

[Hu. ,W]e7r^ (A)" , [Pu. ,W]&n^ (A)" . 

Here {H^,P^) denote the generators implementing the space-time translations in the GNS 
representation {T-Loj,^oj,t^u)- 

Generalizing the notion of complete passivity (which is related to the zeroth law of ther- 
modynamics), the state Lo is called completely semi-passive if all its finite tcnsorial powers 
are semipassive with respect to one fixed efficiency bound E. It has been shown by Kuckert 
[6] that a state is completely semi-passive in all inertial frames if and only if it is completely 
passive in some inertial frame. The latter implies that w is a KMS-statc or a ground state 
(a result due to Pusz and Woronowicz). We shall be interested in the latter case. 

For ground states (characterized by the positivity of the energy operator iJ > 0) the 
stability property (4.52) implies the existence of a mass gap: 

Proposition 4.2 (Bratteli, Kishimoto, Robinson [25, Tlicorcni 3]). Let {A,t) be a C*- 
dynamical system and let lo be a strongly clustering r-ground state, i.e., 

(4.53) lim uj{aTt{b)) = (j(a)uj(b) Vo, b G A. 

t—>oo ^ ' 

Let Ui^(t) — e*'^'^ he the unitary group which implements r in the GNS representation 
CHuijnujjfloj)- Then the condition (4-52) is equivalent to the existence of some e > such 
that 

spH^ C {0}U[e,oo[, 
where sp i?^ denotes the spectrum of . 

By [26, Theorem 2] or [27, Theorem 1], if the dynamics Tt is nontrivial, i.e., H^^ is not 
0, the extension of u to 'Koj{A)" is nonfaithful and completely passive if and only if it is a 
ground state (see Footnote 1). The following proposition of [6] is thus applicable: 

Proposition 4.3 ([6, Proposition 3.2]). Let ui he completely semi-passive with efficiency 
hound E. If u is not faithful, then there exists some u e M*, |u| < E, such that 

(4.54) + uP^ > 0. 

Proposition 4.3 only asserts the existence of some u, with |w| < E, satisfying (4.54), but 
it may well be that only u = satisfies (4.54). This is however not the case in rqft. Consider 
the (: (j)'^ :)2 theory; we omit the superscript s = 1 henceforth. 

Proposition 4.4 The inequality (4-54) holds for the (: 0^ :)2 theory for all \u\ < c. 

Proof. According to Heifets and Osipov [28] 

H[ - El ±vPi>0, < \v\ < c, 

where Pi is the momentum operator with periodic boundary conditions on a segment of 
length /. This yields (4.54). Note that the ground state energy Ef is absorbed in H^^. 

In fact, since -\- uP^ is the Lorentz rotated Hamiltonian, (4.54) may be expected in 
general for rqft. Does it hold for its formal nrl? The answer is negative: 

Proposition 4.5 The inequality (4-54) does not hold for the formal nrl of (: (j)^ :)2 un- 
less u = Q. 
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Proof. The proof uses an idea of G.L. Sewell. Hf ''"'^' is Galilean covariant: let 

(4.55) U±u ^ g-i[tP,T«(xi + ...r.„)] 

denote the operator implementing Galilean transformations on i^(A;) (with u = ^j^, A; e 2), 
then 

(4.56) {u^;rHr^'-u^; = nr^^- ± uPi + ^nu^-, 

(4.57) {U^P*Pi = Pi± nu. 
Now assume that 

(4.58) iJf - El-'"^- + vPi>0 

for some v > 0. Let be the (unique) ground state of iJ^.-rd. corresponding to the 
eigenvalue Ef '"^^-, then 

(4.59) Pi riA, = 0. 
Using now (4.56), (4.57) and (4.59) with u = —v we obtain 

(4.60) iU][^riHr'''- - Er^'- + ^;PO;^a;"a, = -\nv^^K, , 

which contradicts (4.58). Note that the term on the r.h.s. of (4.60) depends on the group 
parameter v, and different w's would change the correction. 

Remark 4.1 The fact that (4.54) is broken in the nrl is a consequence of the singular 
character of the limit c ^ oo, which is a group contraction (from the Poincare to the Galilei 
group, see E. Inonii and E.P. Wigner [29] and U. Cattaneo and the first named author [30]). 
In fact, under the limit c ^ oo, the closed foward light cone {{t,x) 6^"+^ 1 0<t< \x\/c} 
tends to the positive time-axis {(t, 0) e IR'*^^ | i > 0}. Thus it is conceivable that only 
the vector u = remains in (4.58), and that is what Proposition 4.5 demonstrates. This 
hinges essentially on ignoring the Zitterbewegungsterm. The latter is also responsible for 
the fact that the mass gap, proved in the full theory for s = 1 and small coupling in [31, 
Theorem 2.2.3], is made to vanish (at zero momentum) when performing the nrl. This has the 
consequence that the stable vacuum leads to an unstable ground state in the nrl, according 
to Proposition 4.2. 

5 Concluding Remarks and Open Problems 

A last important structural difference between vacua and ground states concerns the Reeh- 
Schlieder theorem. It has been proved by Requardt [32] that for a class of n-body non- 
relativistic systems, states localized at time zero in an arbitrary small open set of M" are 
already total after an arbitrary small time - a statement which is much stronger than the 
well known acausal behavior of non-relativistic theories. However, in contrast to rqft, in 
non-relativistic theories anniliilators of the vacuum are affiliated to the von Neumann algebra 
associated to bounded regions in coordinate space. 

While the (smeared out) field operator of a relativistic theory is affiliated to the von 
Neumann algebra associated to a bounded space-time region, the (smeared out) creation 
and annihilation operators are not well-localized. Formally, the (time-zero) scalar field of 
mass mo is given by 
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It is remarkable that the factor 

c 

(2c^c(p))i/2 

converges to a constant as c goes to infinity. Consequently, the relativistic annihilation 
operators, which can not be localized in bounded space-time regions, are strictly localized in 
a bounded space region at sharp time in the limit c ^ oo. This finding is in agreement with 
the approximation of the non-local creation and annihilation operators by strictly localized 
operators in [33] . It is remarkable that the results in [33] provide bounds (in an appropriate 
norm), which allow us to control this convergence quantitatively. 

It is interesting to note that the proof of stability of the interacting (: cp'^ 1)3 theory 
according to Definition 2.1 in, e.g., Ref. [9], makes use of Nelson's symmetry (see [34], [9] 
and references given there) , which is itself a consequence of the Lorentz covariance of the full 
rqft. The latter depends crucially of course on keeping all particle-changing terms, including 
those contributing to vacuum polarization, in the interaction. On the other hand, the result 
of Proposition 3 leads us to conclude that the formal nrl may lead either to a trivial theory or 
to an unstable one. This suggests that the elimination of particle-changing terms occurring 
while performing the nrl may introduce a nonphysical instability which is not present in the 
full rqft. Since, for s — 2, there is no Thomas effect [18] (a special effect related to point 
interactions), one might conjecture that this phenomenon could also take place in other 
systems of greater physical relevance. 

It should be, however, emphasized that a theory which fails to be thermodynamically 
stable should not be disregarded immediately. It merely shows that, given a set of initial 
conditions there is a tendency of the system to move out of the domain of validity of the 
theory. This is a phenomenon well-known from classical general relativity, where the famous 
singularity theorems of Hawking and Penrose show that for a large class of initial conditions, 
the physical system develops, as a consequence of the basic thermodynamic instability, hot 
spots with energy densities which can no longer be described by classical Einstein gravity. 
In fact, the "(5^^)(x)"- interaction has arisen in discussions of point-particle dynamics in 
(2-|-l)-dimensional gravity [35]. 

The phenomenon of instability (nrl) / stability (rqft) is independent of neglecting the 
"Zitterbewegungsterm" , because it would not be altered if we used instead the relativistic 
kinetic energy. Neglecting this term is, however, responsible for the singular nature of the 
nrl, and accounts for several instability results of a different nature for the resulting ground 
states, as shown in Section 4. 

Since the mass or number operator is not conserved in rqft, the density cannot be fixed 
performing the nrl. A major open problem is, thus, to consider the charged (: <j)(j) :)^-theory, 
and perform the nrl in a sector of fixed charge density. 
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^The stronger Theorem 3 of [23] uses norm continuity of Tt and is applicable to quantum lat- 
tice systems and nonrelativistic and relativistic formions, but not to the (nonrelativistic and rela- 
tivistic) bosons treated in the present paper, because of the well-known fact that time-translation 
automorphisms are not norm continuous on the Weyl algebra. However, the W^*-version is elemen- 
tary: yt € JR, Ut = e"^"" G TVojiA)" (see [35, Theorem 3.5 for a simple proof]). Since ^ 0, 
{Ut - 1) = e"^" - 1 ^ if t 7^ 0, and {Ut - = 0. 
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